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Causal inference on a shoestring 

The potential outcomes framework (Rubin): 

 𝑌 : outcome of interest 

 𝐴 : treatment/intervention, assumed to be binary (0/1) 

 𝑌𝑗
𝐴=0, 𝑌𝑗
𝐴=1 : potential outcomes for patient 𝑗 

 Problem: for  each patient we observe only one of the potential 
outcomes 

 Yet, we still want to estimate the average treatment effect: 

 
𝐴𝑇𝐸 = 𝐸 𝑌1 −𝑌0  
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Potential outcomes framework assumptions 

 One version of treatment 

 Subjects do not interfere with each other  

 Consistency: for each subject, one of the counterfactuals 
outcomes is actually factual. 

 Exchangeability: the conditional probability of receiving every 
value of treatment depends only on the measured covariates 

 Positivity: the conditional probability of receiving every value of 
treatment is greater than zero 

 Nice to have: causal mechanism (Pearl) 
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ATE estimation: weighting 

𝐴𝑇𝐸 =
1

𝑛1
 𝑤𝑗𝑦𝑗
𝑗:𝐴𝑗=1

−
1

𝑛0
 𝑤𝑘𝑦𝑘
𝑘:𝐴𝑘=0

 

 

For example: IPTW = Propensity scores weighting 

 
𝑃𝑆𝑗 = 𝑃(𝐴𝑗 = 1|𝑋𝑗) 

 

𝑤𝑗 =
1

𝐴𝑗 ∙ 𝑃𝑆𝑗 + (1 − 𝐴𝑗) ∙ (1 − 𝑃𝑆𝑗)
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ATE estimation: parametric g-formula 

Let 𝑔 be a model for 𝑌𝐴 given 𝐴 and 𝑋: 
 

𝐸 𝑌𝐴 𝑋 = 𝑔(𝑋, 𝐴) 

 

Then we can estimate the potential outcomes for patient 𝑗 by 
 

𝑌𝑗
𝐴=𝑎 =𝑔(𝑋𝑗 , 𝐴 = 𝑎) 

 

And therefore 
 

𝐴𝑇𝐸 =
1

𝑛
 𝑌𝑗
𝐴=1 −𝑌𝑗

𝐴=0 

𝑗
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Survival analysis basics 

Let 𝑇 be the time until an event of interest is happening. 

𝑇 is a random variable with probability distribution F where F is 
“nice”. 

Example: event of interest is an occurrence of relapse 

 

 
 

The survival function: 
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Survival analysis – the hazard function 

 

𝑀𝑒𝑎𝑛 ℎ𝑎𝑧𝑎𝑟𝑑 𝑜𝑣𝑒𝑟 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 =
𝑃(𝑡 < 𝑇 < 𝑡 + Δ𝑡|𝑇 > 𝑡)

Δ𝑡
 

 

ℎ 𝑡 = 𝐻𝑎𝑧𝑎𝑟𝑑 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 = lim
Δ𝑡→0

𝑃(𝑡 < 𝑇 < 𝑡 + Δ𝑡|𝑇 > 𝑡)

Δ𝑡
 

 

ℎ 𝑡 =
𝐹′(𝑡)

𝑆(𝑡)
 ⟺ 𝑆 𝑡 = exp − ℎ 𝑥 𝑑𝑥

𝑡

0

 

 

If a patient survived so far, what is the probability that he 
will survive a little more? 
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Survival analysis: outcomes of of interest 

 

 Mean survival time:   

 

 Restricted mean survival time: 

 

 Median survival time: 

 

 Some other quantile of survival function: 

 

 And more… (no spoilers) 
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Survival analysis - censoring 
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Example: Rotterdam data 

 Patients diagnosed with breast cancer 

 Some patients received chemo, some didn’t 

 Outcome of interest: time to relapse 

 Follow up time: up to 231 months 
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Survival – Kaplan-Meyer 
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Estimate propensity scores 

pats$chemo.numeric=2-as.numeric(pats$chemo) 
ps.formula=formula(chemo.numeric ~  age + meno + size + grade + 

                     pr + er + I(exp(-0.12*nodes))) 
library(CBPS) 
cbps.fit=CBPS(formula=ps.formula, data=pats, ATT=0) 
pats$ps=cbps.fit$fitted.values 
pats$iptw.weight=pats$chemo.numeric/pats$ps+(1-pats$chemo.numeric)/(1-pats$ps) 
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Potential outcomes using Cox PH model 

# estimate cox ph model 

cox.formula=formula(surv.relapse~ chemo.numeric + age + meno + size + grade + 

                      I(exp(-0.12*nodes)) + pr + er) 

cox.model=coxph(cox.formula, data=pats, ties="breslow") 

 

# estimate potential survival functions for first patient 

pat=pats[1,] 

pat.cf=pat 

pat.cf$chemo.numeric=1-pat$chemo.numeric 

 

sv.yes=survfit(cox.model, newdata=pat) 

sv.no=survfit(cox.model, newdata=pat.cf) 
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Potential outcomes for first patient 
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Potential outcomes all patients 

# calculate factual and counterfactual restricted mean for each patient     

cox.fit.all=survfit(cox.model, newdata=pats) 

tb=summary(cox.fit.all)$table 

pats$rmean.fact=tb[,5] 

 

pats.cf=pats 

pats.cf$chemo.numeric=1-pats.cf$chemo.numeric 

cox.fit.cf=survfit(cox.model, newdata=pats.cf) 

tb=summary(cox.fit.cf) 

tb=tb$table 

pats$rmean.cf=tb[,5] 
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ATE of RMST using IPTW 

iptw.model=lm(rmean.fact~chemo.numeric, data=pats, weights=pats$iptw.weight) 

coeff=summary(iptw.model)$coefficients 

conf=confint(iptw.model) 

tb=cbind(coeff[,-3], conf) 

print(tb) 
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ATE of RMST using G-formula 

pats$Y1=0 

pats$Y0=0 

 

w=which(pats$chemo.numeric==1) 

pats$Y1[w]=pats[w, "rmean.fact"] 

pats$Y1[-w]=pats[-w, "rmean.cf"] 

pats$Y0[w]=pats[w, "rmean.cf"] 

pats$Y0[-w]=pats[-w, "rmean.fact"] 

pats$diff=pats$Y1-pats$Y0 
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ATE of RMST using G-formula 

lm.diff=lm(diff~1, data=pats) 

coeff=summary(lm.diff)$coefficients 

conf.int=confint(lm.diff) 

tb=as.data.frame(cbind(coeff, conf.int)) 

tb=tb[,-3] 

names(tb)=c("effect", "std.err", "p.value", "lower.ci", "upper.ci") 

print(tb) 

 

 

# alternatice calculation 

t.test(x=pats$diff) 
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AF: Attributable Fraction 

 AF, the  Attributable Fraction, is the proportion of incidents in the 
population that are attributable to the risk factor 

 In survival analysis context, we look at AF(t) which is the 
proportion of incidents in the population that occurred before 
time t and that are attributable to the risk factor  

𝐴𝐹 𝑡 = 1 −
𝑃 𝑌𝐴=0 𝑡 = 1

𝑃[𝑌 𝑡 = 1]
= 1 −
𝑃[𝑌𝐴=0 𝑡 = 1]

1 − 𝑆(𝑡)
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AF(t) estimation 

# in this case, the risk factor is “no chemotherapy” 

pats$nochemo=as.numeric(pats$chemo=="no") 

AF.formula=formula(surv.relapse ~ nochemo + age + meno + size + grade + 

                     I(exp(-0.12*nodes)) + pr + er) 

AF.fit=coxph(AF.formula, data=pats, method="breslow") 

AF.std=stdCoxph(fit=AF.fit, data=pats, X="nochemo", t=10:60, x=c(NA, 0)) 

 

# AF function 

AF=function(est){ 

  p=1-est[,1] 

  p0=1-est[,2] 

  af=1-p0/p 

  return(af) 

} 

 

AF.estimates=AF(AF.std$est) 

AF.ci=confint(object=AF.std, fun=AF) 
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AF(t) 
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NNT: Numbers Needed to Treat 

 NNT, the Number Needed to Treat, is the average number of 
patients who need to be treated in order to prevent one 
additional bad outcome 

 In survival analysis context, we look at NNT(t), which the average 
number of patients who need to be treated by time t in order to 
prevent one additional bad outcome 
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NNT(t) estimation 

NNT.formula=formula(surv.relapse ~ chemo + age + meno + size + grade + 

                      I(exp(-0.12*nodes)) + pr + er) 

NNT.fit=coxph(NNT.formula, data=pats, method="breslow") 

NNT.std=stdCoxph(fit=NNT.fit, data=pats, X="chemo", t=10:60, 

                 x=c(NA, "yes"), subsetnew=(chemo=="no")) 

 

# NNT function 

NNT=function(est){ 

  p=1-est[, 1] 

  p1=1-est[, 2] 

  nnt=1/(p-p1) 

  return(nnt) 

} 

 

NNT.estimates=NNT(NNT.std$est) 

NNT.ci=confint(object=NNT.std, fun=NNT) 
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NNT(t) 
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Pseudo observations 

 Let 𝜃 be a survival parameter, and let 𝜃  be a consistent estimate 
for 𝜃 based on a standard survival model (no covariates) 

 For each patient 𝑗, let 𝜃 −𝑗 be the parameter estimated from the 
same model, but patient 𝑗 is omitted from the population. 

 Then 𝜃 𝑗, the pseudo observation of patient i is then defined as  

 𝜃 𝑗 = 𝑛 ∙ 𝜃 − (𝑛 − 1) ∙ 𝜃 −𝑗 

 Once the pseudo observations are estimated, standard 
approaches, such as the g-formula and IPTW can be applied to 
the pseudo observations.  
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Pseudo-observations  
ATE estimation using IPTW 

# Create pseudo observations using 231-month RMST 

pats$pseudo.rmean=pseudomean(pats$time2relapse, pats$relapse, 231) 

  

# model formula for pseudo observations 

pseudo.formula=formula(pseudo.rmean ~ chemo.numeric + age + meno + size + grade 
+ pr + er + I(exp(-0.12*nodes))) 

 

# ATE of restricted mean using IPTW 

iptw.model=lm(pseudo.formula, data=pats, weights=pats$iptw.weight) 
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pseudo.fit=lm(pseudo.formula, data=pats) 

pats$pseudo.rmean.factual=predict(pseudo.fit, newdata=pats) 

pats.cf=pats 

pats.cf$chemo.numeric=1-pats.cf$chemo.numeric 

pats$pseudo.rmean.cf=predict(pseudo.fit, newdata=pats.cf) 

pats$pseudo.Y1=0 

pats$pseudo.Y0=0 

w=which(pats$chemo.numeric==1) 

pats$pseudo.Y1[w]=pats[w, "rmean.fact"] 

pats$pseudo.Y1[-w]=pats[-w, "rmean.cf"] 

pats$pseudo.Y0[w]=pats[w, "rmean.cf"] 

pats$pseudo.Y0[-w]=pats[-w, "rmean.fact"] 

pats$pseudo.diff=pats$pseudo.Y1-pats$pseudo.Y0 

 

Pseudo-observations  
ATE estimation using G-formula 
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Pseudo-observations  
ATE estimation using G-formula 

lm.pseudo.diff=lm(pseudo.diff~1, data=pats) 

coeff=summary(lm.pseudo.diff)$coefficients 

conf.int=confint(lm.pseudo.diff) 

tb=as.data.frame(cbind(coeff, conf.int)) 

tb=tb[,-3] 

names(tb)=c("effect", "std.err", "p.value", "lower.ci", "upper.ci") 

 

29 


